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SHARP DECAY ESTIMATES AND SMOOTHNESS FOR 
SOLUTIONS TO NONLOCAL SEMILINEAR EQUATIONS 

MARCO CAPPIELLO AND FABIO NICOLA 


Abstract. We consider semilinear equations of the form p{D)u = F{u), with 
a locally bounded nonlinearity F(u), and a linear part p{D) given by a Fourier 
multiplier. The multiplier p{^) is the sum of positively homogeneous terms, 
with at least one of them non smooth. This general class of equations includes 
most physical models for traveling waves in hydrodynamics, the Benjamin-Ono 
equation being a basic example. 

We prove sharp pointwise decay estimates for the solutions to such equations, 
depending on the degree of the non smooth terms in p(^). When the nonlinearity 
is smooth we prove similar estimates for the derivatives of the solution, as well 
holomorphic extension to a strip, for analytic nonlinearity. 


1. Introduction 

The main goal of this paper is to derive sharp pointwise decay estimates and 
holomorphic extensions for the solutions of a class of nonlocal semilinear equations 
in Namely we consider an equation of the form 

(1.1) p{D)u = F{u), 
where E : C —)■ C is any measurable function satisfying 

( 1 . 2 ) \F{u)\<CK\ur 

for some p > 1, uniformly for u in compact subsets K G C. For example, F could 
be any smooth function vanishing to second order at the origin. Concerning the 
linear part, we assume that p{D) is a Fourier multiplier with symbol of the form 

h 

(1.3) P{0 = PO + '^PnijiO 

i=i 

where po E C and PmjiO smooth in \ {0} and positively homogeneous of 
degree rrij, with 0 < mi < m 2 < ... < mh = M. 

We suppose that p{^) satishes the condition 

(1.4) \pm>c{o^, eeR", 
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for some C > 0 (as usual {^) = (1 + This implies in particular that po 7^ 0- 

Moreover we suppose that there is at least a symbol Pmj which is non smooth, 
and we dehne the singularity index 

(1.5) m = is not smooth}, 

so that m > 0. 

Equations of the form above appear in a big number of physical models, especially 
in hydrodynamics, where they are related to the existence of travelling wave type 
solutions v{t,x) = u{x — ct), c> 0 for an evolution equation of the form 

vt + {p{D)v)x = F{v)x, t > 0, a: e M. 

In the case when p(^) is a uniformly analytic symbol in M, Bona and Li |4l|5] proved 
that every solution of fll.ip exhibits an exponential decay for |x| —)■ cxo, therefore of 
the form for some c > 0, and admits an extension to a holomorphic function 
in a strip of the form {z ^ C : |Imz| < T} for some T > 0. The results in 
mis] apply in particular to KdV-type equations, long-wave-type equations and 
certain Schrodinger-type equations. Later on the results above have been extended 
in arbitrary dimension by the hrst author et ah to more general equations with 
linear part given by an analytic pseudodifferential operator, see [ZlElElEn]. More 
recently, the results on the holomorphic extensions have been rehned in [T21 US]- 
Concerning the case when the symbol p(^) is only finitely smooth at ^ = 0, 
many models suggest that the exponential decay observed in the previous papers 
is lost in general and replaced by an algebraic decay at infinity depending on the 
singularity index m and on the dimension d. The most celebrated example in this 
connection is the Benjamin-Ono equation studied by Benjamin [2] and Ono [22] 
(see also 011111211125]) and describing the propagation of one dimensional internal 
waves in stratified fluids of great depth: 

(1.6) dtv -I- H{dlv) -f 2vdxV = 0, t eR, x eR, 

where H{D) denotes the Hilbert transform. When looking at travelling solutions 
of fll.bp one is reduced to study the equation 

(1.7) \D\u + u = u^, 

which is of the form fll.ip with p(^) = 1 + |^| and F{u) = u^, with singularity index 
m = 1. It is well known, see e.g. [T], that the equation fll.7p admits the solution 


Maris [20] considered the following generalization of (II.7p in higher dimension: 
(1.8) (l + (-A)‘'=)« = F(t.), 
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where F satisfies the same assumption as in the present paper. He proved that 
every solution u of fll.81) which is in and tends to 0 for |a;| —)■ oo, actually 

decays like 

In a very recent paper m, the first author et ah considered the general equation 
fll.ip with p(^) as in fll.3l) and F{u) given by a polynomial of degree at least 2 in 
u and they derived decay estimates for weak Sobolev type solutions of fll.ip . 
Namely, they proved that every solution u of fll.ll) such that {xY°u G F[^{W^) for 
some s > d/2 and £« > 0 satisfies indeed the following weighted estimates: 

(1.9) 

Unfortunately, the latter result has been proved under the assumption [m] > d/2, 
which seems indeed to be only technical but very restrictive, especially in high 
dimension. Moreover, pointwise decay estimates remained out of reach in m- 
This was due to the fact that the argument of the proof relies in particular on 
the Hormander-Mihlin theorem for Fourier multipliers which does not apply on 
Nevertheless the estimate fll.9p together with the results in [20] and some 
examples reported in m lead to conjecture that the solution of fll.ip may satisfy 
a pointwise estimate of the form 

(1.10) \\{x)'^~^^u\\loo < oo. 

In the present paper we prove this, together with higher regularity estimates, 
when the nonlinearity is smooth or analytic. 

Namely, we have the following results. 

Theorem 1.1. With the above notation, assume fll.2l) . fll.3l) . fll.41) . Let u be a 
distribution solution ofp{D)u = F{u), satisfying {xY°u G L°°(R‘^) for some £o > 0. 
Then {x)'^~^‘^u G L°°(R‘^). 

When the nonlinearity F is smooth, similar estimates hold for the derivatives. 

Theorem 1.2. Assume fll.3p . fll.4|) and let F G C'°°(C), with F(0) = 0, ^'(0) = 0. 
Let u be a distribution solution of p{D)u = F{u), satisfying {x)^°u G L°°(R'^) for 
some £o > 0. 

Then u is smooth and satisfies the estimates 

(1.11) ||(x)’"+'^+l“la"n|Uoc < oo, aeNY 

Here we mean that F is smooth with respect to the structure of C as a real 
vector space, and F' denotes its differential. Observe, in particular, that the above 
assumptions on F imply fll.2p . 

As an immediate consequence of Theorem 11.21 we derive L^ weighted estimates 
for the solution of fll.ll) also for p G [1, +oo). In particular, for p = 2 we recapture 
the results proved in [n] under the stronger assumption [m] > d/2 (whereas here 
we just require m > 0). 
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Theorem 1.3. Let p G [l,+oo). Under the assumption of Theorem M.^ the solu¬ 
tion u of fll.ip satisfies the estimates 

(1.12) < cx), aeNf 

for every e > 0. 

The examples in Section 2 below show that the results above are completely 
sharp, both for the decay of u and for that of its derivatives. 

Finally, in the case of polynomial non-linearity one can also prove analytic reg¬ 
ularity for the solution, in analogy with [31 n El m El El [10]. 

Theorem 1.4. Assume (II. Oh . (II. Ih and let F be a polynomial in u,u, with F{0) = 
0, ^'(0) = 0. Let u be a distribution solution ofp{D)u = F{u), satisfying {xY°u G 
L°°(R'^) for some £o > 0. 

Then there exists £ > 0 such that u extends to a bounded holomorphic function 
u{x iy) in the strip {z = x iy E : \y\ < e}. 

Actually the estimates fll.lip suggest a stronger result, namely that u extends 
to a holomorphic function to a sector. This is also conhrmed by the examples in 
Section 2, but the proof seems to be extremely technical, cf. [El US], and therefore 
we prefer to postpone this issue to a future paper. 

2. Examples 

In this section we provide some examples showing the sharpness of our decay 
estimates. First of all we recall the following formula for the Fourier transform of 
functions of the form (1 -|- A > 0 (see for example [21|, formula (VII, 7;23), 

page 260, or [16], formula (9), page 187). 

27rV2 

(2.1) .F((l + |xn-^)(0 = ^ j ^A-i(lel), 

where x,f E M'^, F denotes the standard Euler Gamma function and Kfix),^ G 
M, X G M \ 0, are the modihed Bessel functions of second type, see [m [26] for 
dehnitions and properties. Here we just recall that 


(2.2) 

Kfix) = K_fix), 

1/ G M, X 7^ 0, 

(2.3) 

Ky+i{x) = —Kfix) + K^_i\ 

X 

(x), z/ G M, X 7 ^ 0 


Using the properties fl2.ip . fl2.2p . fl2.3p . an alternative proof of the fact that the 
function 


1 
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is a solution of the Benjamin-Ono equation (II.7^ has been given in [TT]. We repeat 
here the proof for the beneht of the reader since it is very short. In fact we have 

(2.4) J-(«2) = 4J-((1 + iV) = 8x/^(| 1) ^ A-,(|e|) 

= 4y)F(|?| + l)(J|l) ’’ A-.(n 

= 2(iei + i)7-((i + i^)-‘) 

= J^{\D\u + u). 

Using (12.11) many other examples of equations of the form (II.Ih . (11.31) admitting 
solutions of the form (1 + for some A > 0, can be constructed. We provide 

here a couple of such examples. The hrst one is taken from the unpublished man¬ 
uscript [15]. We describe this model in detail for the sake of completeness. 

Example 1. Consider in dimension d = 1 the equation 

(2.5) \D\^+ QD‘^u + lb\D\u + lbu = ASu^ 

which is of the form fll.ip . fll.dp with m = l,ci = 1. Moreover the condition fll.4|) 
is satished. Using fl2.ip . fl2.2p . fl2.3p it is easy to prove that it admits the solution 

/ , 1 

uix) = - -r, X e M. 

1 -|- 

As a matter of fact we have 

(2.6) Kiix) = -Kdx) +K,ix) 

V/ 2 2 



Then from (12.ip and (12. 6 p 

Amu') = 48j^((i+1")-) = ^ ' A-,(iei) 

= 2XF(|eP + 6|?|= + 15|{| + 15) ’ A-. (|{|) 

= (kP + 6|fp +151^1+ 15)7-((l+i")-') 

= J^(|T>pM + QD'^u + 15|T>|m + 15m). 
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The example above, compared with the Benjamin-Ono equation, conhrms that the 
presence of terms with hnite but stronger regularity than in the symbol of 
the linear part do not have any influence on the decay of the solution, which is 
determined only by the singularity index. 

The next example in dimension d = 3 has been proposed in [n] as a model 
which did not satisfy the condition [m] > d/2 required in [11] but exhibiting the 
right decay properties as well. We recall it here since our weaker condition m > 0 
allows to include it completely in our results. 

Example 2. Consider the equation 

(2.7) - An + 3{-AY^^u + 3u = 24 n^ 

where we denote by (—= \D\ the Fourier multiplier with symbol |^|,^ € 

The linear part of fl2.7l) satishes the condition fll.4l) and the singularity index is 
m = 1. Moreover the function 

= (TTW’ " ^ 

is a solution of fl2.7p . In fact we have 

24T{uY = 24J^((1 + 

= 8ni /fj(| 5 |) 

= J^{—Au + 3(—A)^'^^n + 3n). 

3. Notation and preliminary results 

For s > 0, dehne the weight functions 

Vs{x) = (x)^, X G 

and the weighted Lebesgue spaces 

= {n G : ||n||Lg^ := ||T<iM||L°° < cxd}. 

We will use often the following well-known interpolation inequality. 

Proposition 3.1. Given 0 < / < n, there exists a eonstant C > 0 sueh that the 
following inequality holds. Let J = Ji x ... x C where each Ij, j = 1,... ,d, 
is an interval of the form [a, -l-cxo) or {—oo, a]. Then 

(3.1) ll^'w|U-(/) < 

where we set \\D^u\\loo^-^ := supj^j^^ k eN. 
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In particular, if u & and D"‘u G then D^u G with z/ = (1 — //n)s + 
{l/n)r. 


Proof. In the case d = 1, I = [0,+oo) or / = (—oo,0], formula fl3.ip is known as 
Landau-Kolmogorov inequality. By Young inequality we also have 

< C'||m|| 2 ,cxj(/) + CWD'^uWloc^p 


in that case. A repeated application of this inequality shows that it also holds in 
the multi-dimensional case, with I as in the statement and each Ij of the form 
[0, -|-oo) or (—oo, 0]. Now, we can apply this estimate to u{ex), £ > 0 and optimize 
in e (cf. [28l Proposition 3.4]), obtaining the desired conclusion, namely fl3.ip . for 
sets I of this special form. The general case in the statement can be obtained 
simply by a translation. 

For the last statement, one can estimate, for |a| = /, 


{xy\d°‘u{x)\ < {xy\\D’‘u\\Lcx,(^j) 

when X = {xi,..., Xd), Xi > 0,... Xd > 0, and / = [xi, -f oo) x ... x [xd, +oo) 
then apply fl3.ip . If e.g. Xi < 0 one considers instead the interval (—oo,xi], 
similarly for the other components. 


and 

and 

□ 


We also define the space 

Tiy = {ue S'{Ry : ll^lUioo := ll^lligo < oo}, 

where 

iFu{f) = u{f) = f e~^^^u{x) dx 
is the Fourier transform of u. 

We recall the following result (see e.g. [HI Proposition 11.1.3 (b)]). 


Proposition 3.2. If s > d, the space Ly is a convolution algebra and 

\\u ^ I I poo < C'sll'wll r oo 1111 poo 
II ll-^vs — *11 ll-^t^s 11 

for some constant > 0. 

As a consequence, J-Ly is an algebra with respect to pointwise multiplication, 
and 

\\uv\\jrL^^ < C'^||M||7^LS5ll^^||J■L-• 

Possibly after passing to equivalent norms we can suppose that the above in¬ 
equalities hold with Cs = 1, so that iPLy becomes a Banach algebra. 

We will use the following easy criterion of continuity on for a convolution 
operator. We report on the proof for the beneht of the reader. 


Proposition 3.3. Any convolution operator with integral kernel K G Ly, with 
s > d, is bounded on Ly for every 0 < r < s. 
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Proof. It suffices to prove the following estimate: 

r 1 (x) 


sup 


dy < oo. 


{x - yy {yY 

This is true if r = 0, because s > d. When r = s{> d) the inequality is proved e.g. 
in m Formula (11.5)]. For the intermediate values of r we split the above integral 
as follows 


{xY 


dy 


J{y)>{x) {x - vY {vY 
<1 

~ j^d{x- yY^^ ^ Jnd {x - vY {vY 


r 1 {xY 
'{y)<(x) {x-yY (vY 


dy 


- {y)‘ 


{xY 


dy < C. 


□ 


Finally we recall the following result, which follows easily from the theory of 
homogeneous distributions. 

Proposition 3.4. Let f G \ {0}) be positively homogeneous of degree r > 0 

and X £ ■ There exists a constant C > 0 such that 

Q{0\<C{i + Y\r-Y eeM", 

z.e. xf^^Ly^r 

Proof. We know that the Fourier transform of / is a homogeneous distribution of 
degree —r — d, smooth in \ {0} [HI Vol.l, Theorems 7.1.16, 7.1.18]. Hence, if 
x' £ X = 1 in a neighborhood of the origin we have 

(3.2) 1(1 - x'(o)/(oi < ^^(1 + \^\r-Y e e M". 

On the other hand, we have 

lx/«)l < * x)«)l + l(((l - xV) * 

Since x ^ ‘S(R‘^), the hrst term in the right-hand side has a rapid decay, because 
S'*S C iS, whereas the second term can be easily estimated using (13.2p . □ 


4. Decay of the solution: proof of Theorem 11.11 
To prove Theorem II.II it is sufficient to prove the following boundedness result. 
Proposition 4.1. For every 0 < s < m + d we have 

p{D)-^ = p-\D) : LZ ^ LI 


' OO 


continuously. 
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Indeed, since u G we have F{u) G Moreover the equation can be 

written in integral form as 

u = p{D)-\F{u)). 

Hence, Proposition 14.11 implies that if pSo < d + m then 

u = p{D)-\F{u))eL-^^^LZ,^. 

oomrf)^ ^ = I in Si neighborhood of the origin. 


Proof of Proposition \4.1\ Let x ^ C'q 
W e write 

1 


P{0 

9l(?) 


x(0 ^ i-x(0 


-^2- 

92(?) 


Let us prove that 

(4.1) 


«,(£>) i = l,2, 


continuously. 

As for qi{D) is concerned, since m > 0, by Proposition 13.31 it suffices to prove 
that the convolution kernel of qi{D), which is F~^{qi){x), belongs to L 


Qi e 


Now, let x^Cq 


oomd) follows from Proposition 13.41 that 

h 


oo 

'^d+m ' 


i.e. 


p{0 ■= xiO^PmjiO e FL 

i=i 

Hence, if y = 1 on the support of y we have 


OO 


?i(0 = 


x(0 x(0 


p{0 Po+PiO 


x(0 

Po 




-pioy 


Po 




1=0 

provided this series converges in (because FL^^^ is a Banach algebra). 

Now, this is certainly true if ||p|| < Ipol, and after a rescaling (which preserves 

'^d+m 

the space FL^^^) we can suppose that this is the case. Indeed, 


^(^0 =Po + Yl ( 0 , 

i=i 

but now the terms of order > 0 are all multiplied by positive powers of e {irtj > 0), 
whereas the constant term po remains the same. Hence, if £ is small enough, so 
that x(0x(^0 = X(0i we have 


(^0 = 


X(0 


x(g0 ^_ 


+ 


(1 -x(0)x(g0 

p{^i) 
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The first term can now be treated by a power series expansion, as above, whereas 
the second one is in C ■ This conclndes the proof of fl4.ip for 

®(B). 

Let ns now prove it for q 2 {D). Becanse of the condition fll.4|) and the presence of 
the cnt-off we see that q 2 belongs to the standard symbol class S~^. Since M > 0, 
by classical results we have that the convolution kernel K = J^~^{q 2 ) of q 2 {D) is 
a locally integrable function ([23l Remark (i), pag. 245]) and that it satisfies the 
estimate 


(4.2) 


|A'(i)| < 


Cn\x\~^ 


x\ < I 
xl > 1 


for every N; see e.g. [23 Formulas (0.2.5), (0.5.5)]. 

Now, fl4.ip for q 2 follows from the estimate 

sup / \K{x-y)\-—dy<oo. 


This holds true because, using fl4.2p . we have 

/ \x-y\ 




\y) J\x-y\>i\x-yr {yr 


< 


\^_y^-d+M 




h-y|>l 


|x - y\ 


N-s 


dy < C. 


□ 


5. Smoothness and decay of the derivatives: proof of Theorem 11.21 

First we show that u G for all s G M. This is obtained by an easy bootstrap 
argument. Namely, we write the equation as 

u=p{D)-\F{u)). 

Since we know from Theorem 11.11 that u G fl L°°, we have F{u) G L^. Now, 
the multiplier p{D)~^ has a symbol p{^)~^, which is equivalent to by the 

assumption (El. Hence, by Parseval equality we obtain that p{D) ^ 

^s+M, 5 g continuously. This gives u G fl L°°. One can apply this 
argument repeatedly, because u G 0 implies that F{u) G FT* 0 L°° by 
Schauder’s estimates. Hence u G . Iterating this argument we obtain that 

u E for all s G M. 

Let us now prove fll.lip by induction on |q;|. By Theorem II. II it holds for 0 = 0. 
Suppose that it holds for |q;| = iV — 1. It will then suffice to prove that 

(5.1) \\{x)”^~^'^x^d°‘u\\L°° < oo, \f3\ < |a| = iV > 1. 
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First of all we observe a preliminary (non-optimal) decay for d^u. To simplify the 
notation, set X* = s > 0. Since u G for any s G M, from the inductive 
hypothesis and the interpolation inequalities fProposition 13.11 with / = 1, n large 
enough and u replaced by we have 

(5.2) d^u G |a| = N 

for every e: > 0. 

Now, let X G x = 1 iii ci neighborhood of the origin. We introduce 

commutators in the equation p{D)u = F{u) and apply we have 

(5.3) x^d°'u = p{D)~^[{xp){D), x^]d°'u + p{D)~^[{{l — x)p){D),x^]d°'u 

"-V-^ '-V-' 

= :qi{D)u =:q2(D)u 

+ p(T))-^(x^a“F(u)). 

Consider hrst the last term. By the Faa di Bruno formula and the interpolation 
inequalities we have 

(5.4) \\D^F{u)\\l^^j)<C \\F%-'-4M\TAi)\\D^'^\\L^ii)- 

l<iy<N 

cf. [271 Formula (3.1.9)]. In this formula, we use the same notation as in Proposition 
EH and the norm of F' is meant on the range of u. 

We now estimate each term by observing that, for u > 1 (integer) we have 
G which implies {xY^^\u\'^~^ G if £ < m; when v = 1 instead 

\F'{u)\ < C\u\ G so that {xy~^^F'{u) G L°° li e < m. On the other hand, 

by f|5.2p . we also have G if |a| = X. We deduce by f|5.4l) that 

D^F{u) G By Proposition 14.II we get p{D)~^{x^d°‘F{u)) G 

We now prove the same conclusion for the hrst two terms in the right-hand side 
of (|5.3p . 

Consider qi{D)u. By the symbolic calculus we can write 

[{xp){D),x^]d°u = - i^^^(^'\{dJ{xp)){D){x^-^d‘^u), 

07 ^ 7 <^ 

where the derivatives of XP in the right-hand side are meant in the sense of distri¬ 
butions. By the inverse Leibniz formulcQ we then obtain (since for |/5| < |a;|) 

[{xp){D),x^]d'^u= Y Ca,i 3 ,aA^JixP)){D)d^x^d^u). 

a,/3:|/5|<|Q;|<|cK| 

^Namely, 


x^d'^uix)= y^(“)d“-"(x^-W(x)). 
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where 7 is a suitable multi-index depending on a, a, with I 7 I = I 7 I, and 
^a/s a /3 suitable constants. 

Now, by the inductive hypothesis we have G The multiplier 

dJ{xv){.D)d^ has as symbol a sum of homogeneous functions, multiplied by cut-off 
functions, and having the same orders of the terms appearing in p{C}- In particular, 
the non-smooth terms have order at least m. Arguing as in the first part of the 
proof of Proposition 14.11 we then deduce that such a symbol belong to as 

well as (Proposition UT]), and therefore qi{D) maps into itself. This 

yields qi{D)u G 

Consider now the term q 2 {D)u in fl5.3p . Again by the symbolic calculus we can 
write 

q2{D)u = p{D)-\{{l - x)p){D),x^]d^u 
(5.5) =— ^ — x)p)){.D){x^~'^d°‘u). 

0 ^ 7</3 

Now, the multiplier 

p{D)-\di{{i - x)p)m 

has a symbol smooth in of order —M -|- M — I 7 I <0, hence it maps —)■ 

ioT 0 < s < m +d hy the same arguments as at the end of the proof of Proposition 
14.11 Using fl5.2|) and |/5 — 7 |<A 1 — Iwe see that x^~'^d°‘u G and therefore 

q 2 {D)u G Hence u G . We can then use this information to 

obtain in fl5.5p x^~'^d°‘u G C X™'+‘^ (for £ < 1) and therefore q 2 {D)u G 

j^m+d 'jpjg concludes the proof of fl5.ip . 

Theorem 11.31 is a direct consequence of Theorem 11.21 We leave the proof to the 
reader. 


6. AnALYTICITY of the SOLUTION: PROOF OF THEOREM 11.41 

We already know from the proof of Theorem 11.21 that u G for every s G M. 
Fix s > d/2, 6 > 0,N G M and consider the energy norms 

4m = E 

|a|<A^ 

It is sufficient to prove that there exists 5 > 0 such that the sequence Sj^[u], 
Al = 0,1 ,..., is bounded. 

We can assume without loss of generality that F{u) = for some integer k >2. 
Starting from the identity u = p{D)~^{u^) and differentiating both members we 
obtain, for any a eN‘^\ {0}: 

d^u = p{D)-^d^{u'^) = p{D)-^ o {u’^)) 


















13 


for some j = ja G {1 ,..., d}. 

Now, we observe that the ellipticity condition fll.4p and M > 0 imply that for 
every r > 0 there exists a constant C,- > 0 snch that 

b(0“^l <r + Cr{0~\ 

so that 

\\p{D)~^ O djV\\H‘^ < T\\djV\\H‘> + Cr\\v\\H‘>- 

Hence we get 

||a“n||, < + Cr\\d^-^^u^\\Hs. 

Applying Leibniz’ rnle we have, since s > d/2, 


a\ 


< Ct\\u 


\H’> 


U\\h‘ 


a\ 


+ Ct 


Ql+...+a^- 
ctj^cy \/j 


ad 


\\d^'°u\\s 

ttfc! 


+ CCr 

ai+...+ak=a—ej 


tti! 


ad 


for some constant C > 0 depending only on s,k,d. 

Hence, multiplying by and summing up for |a| < N it follows that 

4N < ll«l|. + CT\\ufjddS/,[u] + C'{t + 6Cr) (4-lM)", 


for some new constant C' > 0 depending only on d, k. 

If we choose r and then 5 small enough, iterating this estimate it is easy to prove 
that £lj[u] is bounded with respect to N. Theorem 11.41 is then proved. 


Acknowledgement. The authors wish to thank Professors Todor Gramchev 
and Luigi Rodino for some helpful discussions and comments. 


References 

[1] C.J. Amick and J.F. Toland, Uniqueness and related analytic properties for the Benjamin- 
Ono equation - a nonlinear Neumann problem in the plane, Acta Math. 167 (1991), 107-126. 

[2] T.B. Benjamin, Internal waves of permanent form in fluids of great depth, J. Fluid Mech. 
29 (1967), 559-592. 

[3] H.A. Biagioni and T. Gramchev, Fractional derivative estimates in Gevrey classes, global 
regularity and decay for solutions to semilinear equations in K", J. Differential Equations 
194 (2003), 140-165. 

[4] J. Bona and Y. Li, Analyticity of solitary-wave solutions of model equations for long waves. 
SIAM J. Math. Anal. 27 (1996), n. 3, 725-737. 

[5] J. Bona and Y. Li, Decay and analyticity of solitary waves, J. Math. Pures Appl. 76 (1997), 
377-430. 

[6] N. Burq and F. Planchon, On well-posedness for the Benjamin-Ono equation. Math. Ann. 
340 (2008), n. 3, 497-542. 











14 


MARCO CAPPIELLO AND FABIO NICOLA 


[7] M. Cappiello, T. Gramchev and L. Rodino, Super-exponential decay and holomorphic ex¬ 
tensions for semilinear equations with polynomial coefficients, J. Funct. Anal. 237 (2006), 
634-654. 

[8] M. Cappiello, T. Gramchev and L. Rodino, Semilinear pseudo-differential equations and 
travelling waves, Fields Institute Communications, 52 (2007), 213-238. 

[9] M. Cappiello, T. Gramchev and L. Rodino, Sub-exponential decay and uniform holomorphic 
extensions for semilinear pseudodifferential equations. Comm. Partial Differential Equations 
35 (2010) n. 5, 846-877. 

[10] M. Cappiello, T. Gramchev and L. Rodino, Entire extensions and exponential decay for 
semilinear elliptic equations, J. Anal. Math. Ill (2010), 339-367. 

[11] M. Cappiello, T. Gramchev and L. Rodino, Deeay estimates for solutions of nonlocal semi¬ 
linear equations, Nagoya Math. J. To appear. 

[12] M. Cappiello and F. Nicola, Holomorphie extension of solutions of semilinear elliptic equa¬ 
tions, Nonlinear Anal. 74 (2011), 2663-2681. 

[13] M. Cappiello and F. Nicola, Regularity and decay of solutions of nonlinear harmonic oscil¬ 
lators, Adv. Math. 229 (2012), 1266-1299. 

[14] A. Erdelyi, W. Magnus, F. Oberhettinger and F.G. Tricomi, Higher transcendental functions. 
Vols. I, II. Based, in part, on notes left by Harry Bateman, McGraw-Hill Book Company, 
Inc., New York-Toronto-London, 1953. 

[15] G. Schiano, Perturbazioni non lineari per alcuni moltiplicatori di Fourier, Master Thesis at 
University of Turin, 2012. 

[16] I.M. Gelfand and G.E. Shilov, Generalized functions I, Academic Press, New York and 
London, 1964. 

[17] K. Grochenig, Foundation of Time-frequency Analysis, Birkhauser, 2001. 

[18] L. Hbrmander. The Analysis of Linear Partial Differential Operators, Vol. I and Vol. HI, 
Springer-Verlag, 1985. 

[19] F. Linares, D. Pilod and G. Ponce, Well-posedness for a higher-order Benjamin-Ono equa¬ 
tion, J. Differential Equations 250 (2011), n. 1, 450-475. 

[20] M. Maris, On the existenee, regularity and decay of solitary waves to a generalized Benjamin- 
Ono equation. Nonlinear Anal. 51 (2002), n. 6, 1073-1085. 

[21] L. Molinet, J. Sant and N. Tzvetkov, Ill-posedness issues for the Benjamin-Ono and related 
equations, SIAM J. Math. Anal. 33 (2001), n. 4, 982-988. 

[22] H. Ono, Algebraic solitary waves in stratified fluids, J. Phys. Soc. Japan 39 (1975), 1082-1091. 

[23] E. Stein, Harmonic Analysis, Princeton University Press, 1993. 

[24] L. Schwartz, Theorie des distributions, Hermann 1966, Paris. 

[25] T. Tao, Global well-posedness of the Benjamin-Ono equation in J. Hyperbolic Differ. 

Equ. 1 (2004), n. 1, 27-49. 

[26] G.N. Watson, A treatise on the theory of Bessel funetions, Cambridge University Press, 
Cambridge, 1958. 

[27] M. Taylor, Pseudodifferential operators and nonlinear PDE. Birkhauser, 1991. 

[28] M. Taylor, Partial differential equations, Vol. HI. Springer, 1996. 


Dipartimento di Matematica, Universita degli Studi di Torino, Via Carlo Al¬ 
berto 10, 10123 Torino, Italy 

E-mail address: marco.cappiello@unito.it 



15 


Dipartimento di Scienze Matematiche, Politecnico di Torino, Corso Duca degli 
Abruzzi 24, 10129 Torino, Italy 

E-mail address: fabio.nicola@polito.it 



